
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by:
On: 14 January 2011
Access details: Access Details: Free Access
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Molecular Simulation
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713644482

Alternative scaling factor between Lennard-Jones and Exponential-6
potential energy functions
Teik-Cheng Lima

a School of Science and Technology, SIM University (UniSIM), Republic of Singapore

First published on: 05 September 2007

To cite this Article Lim, Teik-Cheng(2007) 'Alternative scaling factor between Lennard-Jones and Exponential-6 potential
energy functions', Molecular Simulation, 33: 13, 1029 — 1032, First published on: 05 September 2007 (iFirst)
To link to this Article: DOI: 10.1080/08927020701531445
URL: http://dx.doi.org/10.1080/08927020701531445

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713644482
http://dx.doi.org/10.1080/08927020701531445
http://www.informaworld.com/terms-and-conditions-of-access.pdf


Alternative scaling factor between Lennard-Jones
and Exponential-6 potential energy functions

TEIK-CHENG LIM*

School of Science and Technology, SIM University (UniSIM), 535A Clementi Road, S 599490, Republic of Singapore

(Received June 2007; in final form June 2007)

In spite of the ease of computing the Lennard-Jones function for describing van der Waals energy of interaction, the
Exponential-6 function is normally adopted due to its better description of short range interaction. Hence scaling factors of
13.772 and 12 have been used to give equal curvature at the minimum well-depth and equal long-range energy description,
respectively, when compared to the Lennard-Jones (12-6) potential. This paper proposes an intermediate scaling factor of
12.6533 on the basis of zero integral error from the well-depth to infinite separation. It is herein shown that the use of this
intermediate scaling factor divides the entire Exponential-6 computation into three stages instead of two, thereby
smoothening the energy curve by reducing the computed energy drop at the scaling factor switching point. In cases where a
single scaling factor is desired as a results highly complex dynamical molecular system, the proposed intermediate scaling
factor gives significantly smaller overall error.
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1. Introduction

An important cornerstone of all molecular mechanics

simulation is the van der Waals energy. Typical van der

Waals potential energy functions are attributed to

Lennard-Jones [1]:
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and Buckingham [2]
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C
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where r is the internuclear distance. In most practices,

these potentials are utilized specifically as the LJ (12-6)

function [3–6]
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and the Exponential-6 function [7,8]

UX6 ¼ Ae2Br 2
C

r 6
; ð4Þ

respectively. The choice of LJ (12-6) or Exponential-6 is

normally dependent on the circumstances by which one of

the functions is advantageous over the other. Mayo et al.

[9] appreciated the fact that LJ (12-6) is simpler (two

parameters instead of three) and, therefore, faster to

compute. However, their experience is that the Exponen-

tial-6 form gives a better description of short range

interactions. To enable conversion between these two

potential functions, equation (4) can be written as [9,10]
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whereby the scaling factor j ¼ 12.0 gives the same long-

range attraction as the LJ (12-6) form, and j ¼ 13.772

gives equal curvatures at the minimum well-depth (r ¼ R).

Obviously the scaling factor j ¼ 13.772 sacrifices the

accuracy beyond the minimum well-depth. This is

unfortunate because for most instances the van der

Waals interaction occurs well beyond the vicinity of the
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minimum well-depth. Although the scaling factor

j ¼ 12.0 gives credible accuracy as r ! 1, most

molecular mechanics softwares truncate the van der

Waals energy beyond certain range [3–6]. This paper

develops an alternative scaling factor to attain a good

overall agreement between the two van der Waals

potential energy functions.

2. Analysis

Previous techniques for relating interatomic potential

functions have relied on the imposition of equal curvatures

at the minimum well-depth [11–15], i.e. two potentials U1

and U2 are related as

›pU1

›r p

� �
r¼R

¼
›pU2

›r p

� �
r¼R

; ð p ¼ 0; 1; . . . ; qÞ ð6Þ

where q $ 2. In this paper, we relax the imposition of

equation (6) for q $ 2 so that only p ¼ 0 and 1 apply.

Since the Exponential-6 function consists of three

parameters, an additional independent equation is

required. Instead of increasing the order of derivative,

we take anti-derivative of the two potential functions from

the equilibrium point to infinite internuclear distance, i.e.ð1
R

U1dr ¼

ð1
R

U2dr: ð7Þ

Taking integral for the LJ (12-6) function, we haveð1
R

U1226dr ¼ 2
17

55
DR ð8Þ

The negative sign indicates that the area bounded by the

LJ (12-6) and the horizontal axis for R # r # 1 is below

the horizontal axis. It is easily seen that

U1226jr¼R ¼ 2D ð9Þ

and

›U1226

›r
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¼ 0: ð10Þ

Performing similarly for the Exponential-6 function

leads to ð1
R

UX6dr ¼
A
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Let j ¼ BR, then equating equations (10) and (13) gives

the attractive coefficients in terms of the repulsive

parameters of the Exponential-6 function as

C

R6
¼

j

6
Ae2j ð14Þ

while equating equations (9) and (12) expresses the

repulsive parameters of the Exponential-6 function in

terms of the dissociation energy D as

Ae2j ¼ D
6

j2 6

� �
: ð15Þ

With the aid of equations (14) and (15), equating

equations (8) and (11) allows the scaling factor to be

solved as

j ¼
17^

ffiffiffiffiffi
69

p

2
: ð16Þ

Since it is a requirement for j . 6 to give a physically

admissible solution, the upper value of j ¼ 12.6533 is

selected over the lower value of 4.3467. Since equation (5)

is recovered through substitution of equations (14) and

(15) into equation (4), this new scaling factor can be

compared to the previously known factors j ¼ 13.772 and

j ¼ 12.0 on an equal basis.

3. Results and discussion

To examine the comparative advantage of the three scaling

factors, we define the error between the Exponential-6 and

the LJ (12-6) energy as

error ¼ UX6 2 U1226 ð17Þ

and plotted in non-dimensionalized plane, i.e. (error/D)

versus (r/R), as shown in figure 1(a). It can be seen that

when j ¼ 13.772, the error has zero slope at r ¼ R. It is

obvious that this is due to the imposition of equal

curvatures between the Exponential-6 and LJ (12-6)

potential functions. Thereafter, this Exponential-6 curve

overestimates the LJ (12-6) function for r . R. In contrast,

the Exponential-6 with j ¼ 12.0 gives zero error, but not

zero slope, at r ¼ R and thereafter underestimates the LJ

(12-6) function for r . R. The Exponential-6 function

with j ¼ 12.6533 gives a slight underestimation for

R # r , 1.36R. It can be seen in Figure 1(b) that the

Exponential-6 functions with j ¼ 13.772 and j ¼ 12.0

give error of magnitude exceeding 1% for the range

1.16R , r , 1.61R and 1.06R , r , 1.39R, respect-

ively, but the error corresponding to j ¼ 12.6533 is less

than 1% for the entire range of r $ R. Table 1 shows the

comparative advantages of the three scaling factors in

terms of the interatomic distance.

Supposed a path of least error were to be followed on

the Exponential-6 function with only j ¼ 13.772 and 12.0,

as in common molecular mechanics softwares, then the

point at which the switch from the former to the latter

takes place at r ¼ 1.285R with the change in error

Derror < 3.3D%. On the other hand, a path of least error

T.-C. Lim1030
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that incorporates j ¼ 12.6533 separates the Exponential-6

energy into three regions as a result of two switching

points. The first switching point occurs at r ¼ 1.15R as a

result of switching from j ¼ 13.772 to 12.6533 with

Derror < 1.9D%. The second switching point takes place

at r ¼ 1.6R as a consequence of switching from

j ¼ 12.6533 to 12.0 with Derror,0.6D%.

The allowance of two switching points ensures

smoother transition than the case of single switching

point (figure 2). With increasing hardware performance,

the adoption two switching points is fully justified.

For cases where the molecular simulation involves

highly complex dynamical systems such that no switching

of scaling factor is desired, then neither j ¼ 13.772 nor

j ¼ 12.0 is advisable due to the comparative disadvantage

for long range and short range applications, respectively.

The choice of j ¼ 12.6533 is suggested as this would give

the least overall error.

4. Conclusions

To date, the scaling factors j ¼ 13.772 and 12.0 for the

loose form of Exponential-6 potential function enables it

to mimic the LJ (12-6) function for short range and long

range, respectively. Although an intermediate scaling

factor can be obtained as 12.886 and 12.8555 on the basis

of arithmetic and geometric means, respectively, this

paper adopts a physical basis to pinpoint the intermediate

scaling factor as j ¼ 12.6533. The use of integral

approach enables the error to be minimized for the range

from r ¼ R to r ! 1. It has been shown that the use of

j ¼ 12.6533 significantly reduces the interatomic energy

mismatch by splitting the van der Waals interaction energy

into three regions instead of two. Furthermore, the use of

the proposed scaling factor is beneficial in case switching

of scaling factors is undesired due to the gross over- and

under-estimation associated with j ¼ 13.772 nor

j ¼ 12.0, respectively, for r . R.
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Table 1. Comparative advantage of the three scaling factors of
Exponential-6 in reference to LJ (12-6) functions.

Scaling
factor

1 , (r/R)
, 1.15

1.15 , (r/R)
, 1.285

1.285 , (r/R)
, 1.6

(r/R)
. 1.6

j ¼ 13.772 Best Intermediate Worst Worst
j ¼ 12.6533 Intermediate Best Best Intermediate
j ¼ 12.0 Worst Worst Intermediate Best

Figure 2. Error/D paths for single switching point using two scaling
factors (dashed curve) and for double switching points using three scaling
factors (continuous curve).
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